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AXISYMMETRIC QUASI-STATIC THERMAL STRESSES
IN AN INFINITE SLAB

TAKAHITO GoSHIMA, TAKASHI KOIZUMI and ICHIRO NAKAHARA

Tokyo Institute of Technology, Ookayama, Megro-ku, Tokyo, Japan

Abstract-When a slab, initially undisturbed, is subjected to a step-functional and axi-symmetrical heat-flow
from one face and another face is insulated, the thermoelastic problem is analyzed by the parametric uses of a
thermoelastic potential and a stress function. Numerical calculations of the temperature and the thermal stress
distributions are carried out for the case of a circular region being subjected to a uniform heat-flow and it is
considered how the ratio of the radius of the heated region to the plate thickness affects on their distributions.

Moreover, the approximate solution based upon the theory of plates is introduced in order to compare the
rigorous one. It can be clarified that for a small time interval the solution based upon the theory of plates has
a good approximation when the plate can be regarded as a thin plate in contrast with the dimension ofany heated
region.
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Poisson's ratio
coefficient of linear thermal expansion
modulus of elasticity
thermoelastic potential
stress function
parameter; p2 = e+pi"
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Bessel function of the first kind in order"
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l. INTRODUCTION

THE surfaces of some machine elements will happen to be partially heated in casting and
welding works and so on. Thereafter, in order to suggest the design of those elements, it
will be very significant to clarify the temperature field and the thermal stress distributions
in a slab whose face is partially heated. Many investigations on such problems have been
reported. For example, Heisler [1] has introduced the solution of the thermoelastic problem
to a plate with one face exposed to heat input. This was followed by the work of Muki [2]
who has derived the thermal stress solution in a thick plate with steady distribution of
temperature. Although the boundary conditions in both investigations have been for­
mulated by the surface temperature, the surface temperature of a body heated by fused
metal will vary as a function of time and space, which cannot be easily known. Therefore,
studying such a problem by defining the surface heat-flow, one may obtain the practical
results through the simple formulation of boundary condition. Koizumi [3] has analyzed
the quasi-static thermal stresses in a semi-infinite body whose surface is subjected to an
axi-symmetrical heat-flow. But the investigation for a thick plate has been little given in
spite of the availability of its results.

In the present paper, when an infinite slab, initially at zero temperature throughout, is
subjected to a step-functional and axi-symmetrical heat-flow from one face and the other
face is insulated, the thermoelastic problem is analyzed by the parametric uses ofa thermo­
elastic potential and a stress function. The Fourier's heat conduction equation and the
equilibrium equations without the inertia terms are employed, and also the Laplace trans­
formation is introduced for the sake of the analytical simplicity. Numerical calculations
of the temperature and the thermal stress distributions are carried out only for the case
of a circular region being heated uniformly and it is considered how the ratio of the radius
of a heated region to the plate thickness affects on their distributions.

2. TEMPERATURE

Strictly speaking, the heat conduction problem in a stress field must be analyzed on
the basis of the coupled heat conduction equation. However, it is well recognized that the
Fourier's heat conduction equation in the absence of the coupled term may be taken
instead of it in the thermoelastic problem. Besides the above recognition, in the present
study, we suppose that the physical properties of substances are independent of tem­
perature. Now we make the z-axis coincide with the symmetrical one. Then the Fourier's
heat conduction equation is given as follows:

1 aT
K at' (1)

Since no thermal stress occurs in the uniform temperature field, we suppose that the
initial temperature in the body is maintained to be uniform, taking it as the equilibrium
temperature. Hence, in this case, the initial condition will be directly written.

(T)t=o = o. (2)

Now, let's call the face z = 0 "the surface I" and the face z = h "the surface II". There­
after we assume that the surface II is insulated and the surface I is heated by an axi­
symmetrical heat-flow of the constant rate Q(r)junit area per unit time, which varies as
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the step-function of time. Then the boundary conditions are written as follows:
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(K OT
) = -Q(r) (t > 0) (3)

oz %=0

(K~:L=h = 0
(t > 0). (4)

Additionally,
(T)r-+oo = 0 (t > 0). (5)

Now we introduce the Laplace transformation to derive the temperature solution. Let
the Laplace transform of T be represented by T = S~ T e- pt dt. In consideration of the
initial condition (2) the transform of equation (1) can be written as follows:

(6)

The solution of equation (6) satisfying the boundary conditions (3H5) can be easily
found as

Where

_ roo ~ cosh(h-z)fl
T = J

o
~Q(~)Jo(r~) pKfl sinh(hfl) dfl· (7)

Q(~) = 100

rJo(r~)Q(r) dr.

Performing the inverse integral of equation (7), we derive the temperature solution.

T= rooQ(~)J(~r)[CO~h(h-Z)~ e-K~2t{I+2h2e f cos(mrzjh) e-Kn>-,r,2t/h2}Jd~. (8)
Jo K 0 smh(h~) h~ n= 1 (n2n2+~2h2)

3. STRESSES
In the present study, we do not consider the thermal shock phenomenon and moreover

we suppose that the moduli of elasticity are constant. Thus we analyze the thermal stresses
induced in the slab due to the temperature distribution given by equation (8).

The basic equations of thermoelasticity in the axisymmetric field are represented as
follows:

V2u+_I_ oeo_!!... = 2 l+v .lXoT
I - 2v or r2 I - 2v or

V2w+_I_oeo = 2 1+v
.lX

oT .
1-2v oz 1-2v OZ

Now, let's make use of nand tIt, which are defined as follows:

I-v u on ot/t
---=-+z­
l+v IX or or
I-v w on ot/t- - = -+z--(3-4v)t/t
l+vlX oz OZ

(9)

(10)
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(11)

(12)

When the body is free from loading, the boundary conditions on equilibrium are shown
by the equations

Additionally

(O'Z)Z=o = 0,

(O'z)z=h = 0,

(irz)z=o = 0

(rrz)Z=h = o.
(13)

(14)

(15)

Substituting the solutions of equations (11) and (12) into the Laplace transform of
equation (10), we can derive the solution of the displacements in the Laplace transforms.
Moreover, using the Duhamel-Neumann law, we get the solution of the stresses. Sub­
stituting the results into equations (13) and (14), we can determine the unknown constants
in the expression of the solutions. Performing the inverse integrals of those results, we
obtain the desired solutions of the displacements and the stresses.

I v u = foo Q(¢)J «(r)[(I-V)COSh(h-Z)( 2h3;2e-"~2t{f(0,Z)+f f(n,z)}]d(
l+v rx Jo K 1 (sinh(h() 2 n=l

1- v w = foo Q«() Jo«(r) [(V 1) sinh(h -z)(
1+v rx Jo K ~ sinh(h~)

I-va = foo Q(C;)[(V-l)COSh(h-Z); J1(;r)
Erx r J0 K sinh(h() (r

+2h3ee-"~2t{Jl«(r)(f(0,Z)+f f(n,z»)+Jo«(r)(g(O,Z\ f g(n,Z»)}]d;
;r 2 n=l 2 n=1

I-va = fooQ«()[(V-l)COSh(h Z);{J
o
«(r)_J1«(r)}

Erx e Jo K sinh(h() (r

+2h3(3 e-"~2t{Jo«(r)( g(~ z) +Jl g(n, Z»)

+ (Jo«(r)- Jl~~r») (f(~, z)+Jl f(n, Z») }Jd;

I-vU
z

= foo 2Q«() Jo(;r)h3;3 e-"~2t{V(O, z) + f v(n, Z)} d;
Erx Jo K 2 n=l

1- v'!rz = foo 2Q«()J1(er)h3(3 e-"~2t{Y(0, z)+ f y(n, Z)} de
E(I. Jo K 2 n=l

(16)
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( )
_ cos(mr:z/h) -I<n',,'r/h

'W n, Z - (n2n2+ ~2h2)2 e

()
hZ~2 sinh(h - z)~ +(h - z)~ sinh(h~) sinh(z~)

V z = --------:-.,.---.--~,-------,-,-....,.___-----
sinh2(h~) _ h2 )2

2{h~ sinh(h - z)~ - sinh(h~) sinh(z~)}

V(z) = sinh2(h~) _ h2~2

f(n, z) = w(n, z) + {v~V(z) - U'(z) }w(n, h)/~ + {v~V(h - z) - U'(h - z) }w(n, O)/~

g(n, z) = n2n2w(n, z)/h2e+ {U'(z)w(n, h) + U'(h - z)w(n, 0)}/~

v(n, z) = w(n, z) - {U'(z)w(n, h)+ U'(h - z)w(n, O)}/~

y(n, z) = U(z)w(n, z)- U(h-z)w(n, O)-w'(n, z)/~

x(n, z) = y(n, z) +(v~ -1){ V'(z)w(n, h) + V'(h - z)w(n, O)}/~ ()' = d( )/dz.

(17)

(18)

4. NUMERICAL CALCULAnONS

In order to clarify the temperature and the stress distributions, numerical calculations
are carried out for the case of a circular region being heated by the uniform heat-flow of
the constant rate Qo/unit area per unit time.

We put v = 0·3 in calculations. The definite integrals in equations (8) and (16) have been
evaluated by making use of Simpson's first rule. Then, we devise to keep the errors in the
numerical integrations less than 1 per cent. For example, in the case of P = 0, , = 0,
Po = 1 and r = 0·01, the numerical integration has been computed for h~ = 0(0·1)50,
and the infinite series has been evaluated for n = 1,2,3...10. Then, the errors become less
than 1 per cent.

First, the thermal stress distribution (J, and (J9 induced on the surface I are calculated
for four different values of Po = 0·1, 0-4, 1·0 and 2·0, which are shown in Figs. 1--4. In all
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FIG. 1. Stress distributions on the heated surface I (Po = 0·1).
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FIG. 2. Stress distributions on the heated surface I (Po = 0·4).

the cases, the stresses increase with the progress of time. For a small value of Po, the stress
distributions in the heated region are uniform only in a small time interval, namely, the
Fourier's number 1: is small. To the contrary, in the case of a large value of Po, the stresses
in the heated region continue to keep the uniform distributions after a long time elapsed.
Moreover, (J, at the origin in co-ordinates is identically equal to (Je at the same point, and
its stress becomes the maximum of the stresses induced on the surface. In a region of
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FIG. 3. Stress distributions on the heated surface I (Po = 1·0).
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FIG. 4. Stress distributions on the heated surface I (Po = 2·0).

r > a, the tensile circumferential stresses occur and their values increase as Po becomes
large.

Next we have calculated the thermal stress distributions: (ar)z=h and (aO)z=h on the
surface II in two cases of Po = 0·4 and )·0, showing the results in Figs. 5 and 6. The stress
distributions slowly decrease and the values are smaller than those on the surface I.

Figures 7 and 8 show the thermal stresses: (ar)r=O,z=O = (ao)r=O,z=o and (ar)r=O,z=h
= (ao)r=O,z=h at the points where the symmetrical axis intersects the surfaces I and II.
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FIG. 5. Stress distributions on the insulated surface II (Po = 0-4).
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FIG. 6. Stress distributions on the insulated surface II (Po = 1·0).

As a value of Po becomes small, the increasing rate of the stresses becomes small rapidly.
Another interest is the temperature distributions (T)z = 0 on the surface I which cal­

culated for each value of Po = 0·1, 0·4, 1·0 and 2·0, and their results are shown in Figs. 9-12,
respectively. The temperature distributions at a small time interval are nearly uniform in
the heated region, and those values are approximately equal to zero in the remaining one.
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FIG. 7. Variations of the thermal stresses at the origin of the co-ordinates on the heated surface.
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FIG. 8. Variations of the thermal stresses at the point where the symmetrical axis intersect the insulated
surface II.
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As the time goes by, the temperature in the heated region gradually increases, especially
the temperature at the origin being the most predominant. At the same time the tem­
perature in the remaining region increases gradually too. This indicates that plenty of heat
begins to flow to the radial direction.

Lastly, we introduce not only the rigorous solution but also the approximate one by
the theory of plates [4]. The thermal stresses induced by the temperature field (8) are given
as follows:

(19)
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FIG. 9. Temperature distributions on the heated surface I (Po = 0·1).
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FIG. 12. Temperature distributions on the heated surface I (Po = 2·Q).
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The stresses (an=o,z=o = (a~)r=o,z=o and (an=O,z=h = (a:),=O,Z=h are calculated by
making use of equation (19). The numerical results are shown in Figs. 13 and 14, in which
the rigorous solutions are indicated by the solid curve in the same figure. It can be seen
that the approximate solution tends to close to the rigorous one. Especially, when 1: is small
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FIG. 13. The comparison between the rigorous and the approximate results at the origin of the
co-ordinates on the heated surface 1.
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FIG. 14. The comparison between the rigorous and the approximate results at the point where the
symmetrical axis intersects the insulated surface II.

and Po is large, there is a good agreement between both the results. Additionally, we have
tried to obtain the thermal stress distributions on the symmetrical axis only in the case
of Po = 1·0, and the results are shown in Fig. 15. From this figure it can be said that for a
small time interval both have a good agreement but they deviate from each other as the time
goes by.
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FIG. 15. Stress distributions on the symmetrical axis (Po = 1·0).
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5. CONCLUSIONS
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In the present paper the thermoelastic problem of an infinite, thick plate with the face
exposed to the partial and axisymmetrical heat-flow has been analyzed and numerical
calculations of the temperature and the stress distributions have been carried out under
the simple boundary conditions. We also introduce the thermal stresses by the theory of
plates. Thus we can conclude the following expressions from those results.

1. By comparing the results of the rigorous solution with the approximate solution,
we can clarify that the solution by the theory of plates have a good approximation in case
ofa thin plate, in contrast with the dimension ofany heated region and a small time interval.

2. The thermoelastic problem in the present study can be introduced by the parametric
use of a thermoelastic potential and a stress function.

3. Under the thermal boundary conditions in the present study, the thermal stresses
induced on the heated surface is larger than those on the insulated surface. Moreover, the
maximum compressive thermal stress occurs in the center of the heated surface and the
tensile circumferential stresses appear at a far distance from the origin.
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A6cTpaKT-Anli cny'lall KorJJ;a nnHTa, Ha'lanbHO HeB03MYll.{eHHall, lIBnlleTCli nOJJ;BepJKeHHali JJ;eHcTBHIO
nOTOKa Tenna, B BHJJ;e CKa'lK006pa3HoH <!>YHKl.\HH H ocecHMMeTpH'IeCKoMy, C OJJ;HOH CTOpOHbI, H JJ;pyrali
CTopOHa H30nHpoBaHHall, TorJJ;a 3aJJ;a'la HccneJJ;yeTcli nyTeM napaMeTpH'IeCKOrO Hcnonb30BaHHlI TepMoy­
npyroro nOTeHl.\Hana H <!>YHKl.\HH HanpllJKeHHli. npHBOJJ;lITCli '1HCneHHble paC'IeTbI pacnpeJJ;eneHHli TeMnepa­
TypbI H TepMH'IeCKHX HanpllJKeHHit, JJ;nll cny'lall Kpyrnoro palioHa, nOnBepJKeHHOrO JJ;eHCTBHIO OJJ;Hop0JJ;Horo
nOTOKa Tenna. 06cYJKJJ;aeTCli BnHlIHHe OTHoweHHlI paJJ;Hyca HarpeToro palioHa K TOnll.{HHe nnHTbI Ha
pacnpeJJ;eJIeHHe HanpllJKeHHli.

AaJIee, onpeJJ;eJIlieTCli npH6nHJKeHHOe peweHHe Ha OCHOBe TeopHH nnaCTHHOK, C l.\enblO cpaBHeHHlI co
CTporHM peweHHeM. MO)l(HO BbIlICHHTb 'ITO JJ;JIli Manoro HHTepBana BpeMeHH peweHHe Ha OCHOse TeopHH
nnaCTHHOK HMeeT xopowoe npH6JIH)I(eHHe, KorJJ;a nJIHTa paCCMaTpHBaeTCli KaK TOHKali nnaCTHHKa no
cpaBHeHHIO C pa3MepOM JII060ro HarpeToro paliOHa.


